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Numerous results have been obtained on right factors of entire functions 
of the form F(z) = H,(z) + z exp Hz(z), where H, and H, are periodic: see, 
for example, [l-3,5]. In this paper we prove a rather strong result of this 
type. Then we procede to obtain left factors for F(z). Let H, and Hz be any 
two periodic entire functions with period t and let g(z) = ze’(‘), where T(z) is 
a nonconstant periodic function with the period 7. Then one readily sees that 
for any non-linear left factor f(z), g(z) cannot be a right factor of 
F(z) = H,(z) + ~fl~(~), i.e., 
f(zeT”‘) = H,(z) + z$I*(‘) (1) 
is not possible for any non-linear entire f(z). Indeed, suppose that our 
assertion is false, then we may assume without any loss of generality that 
7 = 1 and (1) yields 
f((z + 2) e”” ) - 2f((z + 1) er(‘)) + f(zer”‘) = 0. (2) 
Choose c # 0 and let zi, i = 1, 2,..., be the zeros of zer(‘) - c. Then (2) yields 
f(c+$) -2/(c+3 +d=0, i = 1, 2 ,..., co, 
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where d= f(c). Thus the function f(c + 2w) - 2f(c + w) + d = 0 at a 
sequence of points with a limit point, since 1 zi I+ = co. 
Thus, f(c + 2w) - 2f(c + w) s d and it follows that f must be linear. 
This observation is particularly interesting, since as we shall see, all right 
factors g(z) of F(z) that correspond to a non-constant left factor f must be 
of the form g(z) = T, + zeT2, where T, and T2 are periodic entire with the 
same period as H, and H,. Thus it is reasonable to expect that for non-linear 
f(z), g(z) = T, + az, where a is a constant different from zero. Indeed this is 
the case. We prove 
THEOREM 1. Let H, and H, be any two periodic entire functions with 
period r and let F(z) = H, + zp2. Then for any factorization f (g(z)) = F(r) 
where f is non-linear, g(z) must be of the form g(z) = T(z) + az, where T(z) 
is periodic with period r and a is a nonzero constant. 
ProoJ: We may again assume without loss of generality that r = 1. Then 
we have 
P(z + 1) - F(z) = eH2, 
F(z + 2) - F(z) = 2e”*, 
(3) 
(4) 
and, thus, 
f (g(z + 1)) - f (g(z)) = en*, (5) 
f (g(z + 2)) - f (g(z)) = 2e”** (6) 
Equations (5) and (6) yield 
g(z + 1) - g(z) = e°CZ), 
g(z + 2) - g(z) = e4@), 
(7) 
(8) 
where a and /I are entire. Equations (7) yields 
g(z+2)- g(z+ l)=eao+l) 
and (7)-(9) yield 
ea(z+ I) + ea(z) = e4(z), 
(9) 
(10) 
so that a(z + 1) = a(z) + k, where k is some constant. Write 
a(z) = T*(z) + kz. Then k = a(z + 1) - a(z) = T,(z + 1) - T,(z) + k, so that 
T,(z) is periodic entire with period 1. 
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We now consider two cases: 
Case (a). ek = 1. In this case, write 
g(z) = T, (2) f zeTZcL) +“. (11) 
Thus, em(‘) = g(z+1)-g(z)=T,(~+l)-T,(z)+e~~‘~‘+~~=T,(z+l)- 
T,(z)+e . n(z) Hence T,(z) is periodic entire with period 1 and g(z) has the 
form (11) with T, and T, periodic entire with period 1. 
Case (b). ek # 1. In this case we write 
g(z) = T,(z) + [e” - 11-l eTZ(z)-kr (12) 
and find that 
en(‘) = g(z + 1) - g(z) = T,(z + 1) - T,(z) + eT*(z)-kr 
= T,(z + 1) - T,(z) + en(‘), 
so that T,(z) is periodic entire with period 1. 
Thus, g(z) has the form (12) with T, and T2 period entire with period 1. 
We now show that in fact g(z) cannot have the form (12). For suppose 
otherwise, then for every integer n, we would have with k’ = [ek - 11-r 
f(T,(z) + k’ekne’2(z)+kz) = H, + (z + n) eH2. (13) 
If ( ek ( < 1, then the left side of (13) is bounded for all positive n, while the 
right side approaches infinity. If ) ek ] > 1, then the left side of (13) is 
bounded for all negative integers while the right side approaches infinity. 
Thus g(z) must be of the form (11). 
We now show that if e’2+kz is non-constant, then f must be linear. In 
particular, if err+” is non-constant, we shall show that 
M(r, f) = o(r’). 
Consider the vertical strip S = {z ] 0 < Re z < 1 }. For any 8 E [0.2n] we 
may choose a point zg in S such that eZz(‘@)+ “@ = rgeie for some positive rB 
and such that T’(z,) + k # 0. Thus, eT*(Z)+kZ maps some neighborhood N(z,) 
contained in the vertical strip of width 2, 
S’={z]O<Rez<2} 
in a one-to-one manner onto an image neighborhood I of the point rgefe. 
We now choose a region in I defined by 
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where E is some small positive number and 0 < 1, < 1,. Let B(R) denote the 
boundary of R. Let L be the preimage of B(R) under eT2(z)+kz which lies in 
Wz,). 
For every positive integer n, we let 
N, = (z + n I z E N(z,)} 
and 
L,={z+nIzEL}cN,. 
Finally let L” = g(L,) and S, = L” U (interior of L”). Since eT2(r)+kr has 
period 1, it follows that eT*(rn)+kr = B(R) for z E L, and for all positive 
integers n. Let P = 1 Z~ 1 + 1, then z E N(z,) implies that z is in S’ and that 
1 Im z 1 < P and z E N, implies that z - n is in S’ and 1 Im z I < P. 
It follows that for z E N, 
n < I z 1 < [(n + q* + p*1”* 
and 
- f < tan(arg z) < $. 
Now let M(T,) = max,,m I T,(z)1 , where N(z,) is the closure of N(z,). We 
further define the regions 
8, = {z I y(n) I, + M(T,) < j z I < nl, - M(T,), 8 - E < arg z < f3 + E), 
where y(n) = [(n + 2)* + P*]“*. 
For sufficiently large integers n, one readily verities that 
4 f 0, = s, = gm 
Since 1,/l, > 1, we may also choose n sufficiently large so that 
[ 
2M(T,) i y(n) +1 < fr I I 1, 
and thus, 8, n 8,,+, # 0. 
If we now denote 
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Then 3 a positive r’ such that 
Now let 
E(r’, &)C ij 8, c rj g(N,). 
n=l n=l 
We now define the maximum in an E sector about I3 by 
Then for any r > r’, we have some n. 
(21IzI=r,8-~~argzE8+~)~e,C g(N,)) 
and, consequently, 
M(r, f, 8, &) < M(H,) + y(n) MW2). 
Since for such r 
r > y(n) 4 + MTJv 
we obtain 
Wr, f, &E) 
r2 
< M(H,) + v(n) MH2) 
’ [u(n) 4+m312 ’ 
Thus, 
lim Wc f) 
-= ?‘“, ,n$y” 
Wr,.L 4, E,) = o 
r-tm r2 - r2 ’ 
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Thus, f(z) must be linear. Hence, for non-linear f we have shown that T, 
must be a constant. 
Note that for F = H, + zen2+ar, a = 2rtni, for some integer n, T,(z) + az 
can indeed be a right factor. For example, if f(w) = wew, and 
g(z) = T,(z) + az, then 
f(g(z)) = (T,(z) + az) eT1(‘)+” = T,(z) e”(‘) + ze(T1(z)f’oga)+ar 
= q(z) + zeTi*(z’+ar, 
where TT and T,** have period 1. 
Finally, we characterize the left factor H,(z) + zeH2(‘). 
THEOREM 2. Let H, and H, be any two periodic entire functions with 
period r and let F(z) = H, + ze”*. Then for any factorization f (g(z)) = F(z) 
where g is nonlinear, f(z) must be of the form 
f(z) = G,(z) + % eaZ) + *nni2/a, 
where G, and G, are periodic entire functions with period a. The constant a 
is related to the constant which appeared in the form for g(z). 
Proof: According to Therem 1 we know that g(z) has the form 
T(z) + az; T a periodic entire with period t. For simplicity, we may assume 
that r= 1. Now 
H,(z) + zettZ(‘) = f (T(z) + az), 
hence 
f (T(z) + az + a) - f (T(z) + az) = em(‘) (14) 
and 
f (T(z) + az + 2~2) - f (T(z) + az + a) = $Iz(‘). (15) 
so 
AT(z) + at + a) - f (T(z) + at) 
= f (T(z) + az + 2~7) - f (T(z) + az + a). 
Let w = T(z) + az, then 
f(w+a)-f(w)=f(w+2a)-ff(w+a). 
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Thus f(w + a) -f(w) is periodic with period a. On the other hand we also 
have from (14) or (15) that 
f(w + a) - f(w) = eacw), 
Since eaCw’ is periodic with period a, we have 
ea(w’+a) = es(w) 
Hence 
a(w + a) -a(w) = 2n7ri. 
Thus 
2nni 
a(w) = G?(w) + -z 
a ’ 
where Gz(w) is a periodic function with period a. Let 
Then 
e (I(W) = eGiz(w)+2nnizlo = f(w + a) _ f(w) 
= G,(w + a) - G,(w) + eG2(w)-2nniz’o, 
so G,(w + a) - G,(w) = 0. That is, G,(w) is a periodic entire function of 
period a. This completes the proof of Theorem 2. 
With the aid of Theorems 1 and 2 we can obtain an interesting class of 
prime entire functions. 
THEOREM 3. Let H, and H2 be two periodic entire functions with the 
same period T. Furthermore, suppose that H,(z) is prime, then H,(z) + zeH2(” 
is prime. 
ProoJ: First we observe that if 
H,(z) + z$l*(‘) = G,(z) + zec2(‘) 
for two period entire functions G,(z) and G2(z) with the same period T, then 
H,(z) z G,(z), and H,(z) = G,(z) + 2nni for some constant n. 
Now suppose that F(z) = H,(z) + ze HZ(Z) has a non-trivial factorization, 
i.e., F(z) = f(g(z)) with f and g both non-linear. Then according to 
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Theorems 1 and 2 we can substitute the general forms for f and g, respec- 
tively, and obtain 
T(z) + aze Gz(T(r)+az)+2nni(T(r)+a;)/u 
H,(z) + ze “2(z) = G, (T(z) + az) + 
a 
for the periodic entire functions G, , G,, and T. Hence 
T(z) 
H,(z) = G,(T(z) + az) + ~ 
a 
and 
H,(z) = G,(T(z) + az) + 
2n74T(z) + az) + 2kni 
cl (17) 
for some integer k. But from (17) we conclude that H,(z) has a right factor 
T(z) + uz, contradicting the hypothesis that H,(z) is prime. 
From the above argument we can see that of T(z) + az is a right factor of 
H, + z@*, then T(z) + az also must be a right factor of H,(z). Thus, 
Theorem 3 can be strengthened. In fact we have the following: 
THEOREM 4. Let H,(z) and H2(z) be two non-constant periodic entire 
functions with the same period 5. Furthermore, suppose that H,(z) has no 
right factor of the form T(z) + az for some periodic entire function T(z) and 
non-zero constant a. Then H,(z) + ze”*(” is prime. 
We have the following corollaries. 
COROLLARY 1. Let H,(z), H2(z) be two non-constant periodic entire 
functions with the same period o. Furthermore, suppose that 
H2(z) = e h(z)t(2n’o’r for some periodic entire functions h(z) with period o. 
Then 
H,(z) + ~d’~(‘) is prime. 
COROLLARY 2. Suppose that H, and H, are two non-constant periodic 
entire functions with the same period o. Furthermore, suppose hat the order 
or the hyperorder of H, is finite, then H,(z) + zeHZ(” is prime. (The 
hyperorder of H, = lim,,,[(log, M(r, H,))/log r].) 
Remark. While in the press of preparing this paper we noted that 
Theorems 1 and 2 were also obtained by Urabe [ 5 ] by a different technique. 
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